Abstract. Active vibration control of smart structures has gained much attention in the last decades. A simple active control system consists of the mechanical structure where vibration occurs, a sensor to perceive the vibration, an actuator to counteract the influence of disturbances and finally, the controller responsible for the generation of the appropriate control signal. The smart structure used in this work comprises a cantilevered beam with a piezoelement glued to it. A finite element model is initially created and then it is reduced to a super element with a finite number of degrees of freedom. Damping properties are also calculated and added to the reduced model, and the model is verified. Finally, a linear control law based on the Lyapunov stability theorem is used to attenuate the vibrations of the smart beam excited with its first eigenmode. The controller is applied directly to the super element model and after that to the extracted state-space model too. Results from both models are then presented and compared.
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INTRODUCTION
Optimizing the weight during the design of structures has the advantage of reducing the manufacturing and operational costs by reducing the amount of raw material used. However, reducing material results in lower stiffness and less damping which make the structure prone to vibration. In addition to reducing the performance of the structural system, vibration can also cause fatigue loads that may lead to failure of the structure itself [1] . One way to overcome this vibration problem is to implement active or smart materials that can be controlled in accordance to the disturbances or oscillations sensed by the structure. Structures incorporating such materials are called smart structures. A smart structure comprises a passive structure and distributed active parts working as sensors and/or actuators. Recent innovations in smart materials and developments in control theory have made it possible to control the dynamics of these structures, and has lead to a big amount of research and development activity in this field [2] . The coupled electromechanical properties of smart materials, which are illustrated in this work as piezoelectric ceramics, make them well-suited for being used as distributed sensors and actuators for controling structural response. As for sensors, mechanically induced deformations can be determined by measuring the induced electrical potential (direct piezoelectric effect); whereas in actuator applications, deformation or strains can be controlled through the introduction of an appropriate electric potential (converse piezoelectric effect) [3] . Active vibration control has initially been applied on ships [4] , and then on aircraft and spacecraft [5] . Rapid developments in this field have led to the use of point actuators and sensors to control flexible systems based on the knowledge of elastic mode frequencies and mode shapes at their attachment points [6] . The use of piezoelectric materials as actuators and sensors for noise and vibration control has only been demonstrated extensively over the past thirty years [7] . The studies generally emphasized the capabilities and applications of piezoelements as distributed vibration actuators and sensors by simultaneously controling a finite number of modes of the actual system, like in [8, 9, 10] . Consequently, the majority of investigations done in this field were carried out either through experiments on the real model as in [11, 12, 13] , or by using 2D or 3D finite element (FE) models of the smart structure as in [14, 15, 16] . However, in the FE work, the damping coefficients were not calculated but rather assumed, which may not reflect the exact performance of the real model. In the present work, an active linear controller based on Lyapunov stability theorem is designed and implemented to attenuate the vibration of a cantilevered smart beam excited by its first eigenmode. The piezoactuator is modeled, and the relation between voltage and moments at its ends is investigated. A modified FE model of the smart beam based on the first-order shear deformation theory (FOSD) is then created. The damping coefficients are added to the FE model prior to the reduction to a super element (SE) model with a finite number of degree of freedom (DOF). The FE and SE models are validated by performing a modal analysis and comparing the results with the experimental ones. The state-space (SS) model is extracted too. Finally, the Lyapunov controller is integrated into the model to reduce the vibration. The FE package SAMCEF is used for the creation of both the FE and SE models, as well as for the implementation of the controller in the SE model. Consequently, MATLAB/SIMULINK is used for the implementation of the controllers in the SS model.
MODELING
In this section, the procedures for modeling a smart structure are examined. The smart structure used in this work is a piezolaminated beam. The same beam model is used later to extract the SE model, derive the SS model, and implement the control strategy. The first step in designing a control system is to build a mathematical model of the structure with all disturbances causing the unwanted vibration. One of the ways to derive the structural analytical model is by using the FE method. The smart beam used consists of a steel beam, a bonding layer and an actuator as seen in Fig. 1 . 
Actuator modeling
Using an actuator means implementing an appropriate electric voltage to control the vibration of the smart structure (converse piezoelectric effect). Many FE packages do not offer elements with electrical DOF. Consequently, the voltage applied by the actuator can be represented by two equal moments with opposite directions concentrated at both ends [6] . The relation between actuator moments and actuator voltage can be investigated, so that the moments will then act as the controlling parameters on the smart structure Fig. 2 . The procedures to find this relation were already mentioned in [17, 18] . Based on Fig. 3 , the relation between actuator moment and actuator voltage is:
where the indices p, a, and b refer to the piazo-actuator, adhesive layer, and steel beam respectively. t is the thickness and E the Young's modulus of each part. The material properties are shown in Tab. 1.
piezo−actuator 
FE modeling
Finding the best FE model that represents the smart beam used in this work means selecting the optimal element type and size. For this reason, a modal analysis of the real beam is experimentally performed and results of the natural frequencies are compared with those from the FE model where different element types. The FE size which yields the best results will be selected. A detailed geometry of the smart beam is shown in Fig. 4 . The smart beam is created as a unique structure but modeled as a composite shell with three layers. This means, all the three components of the model, i.e. beam, bonding layer and actuator are bonded together without any relative slip among the contact surfaces. Consequently, each layer has its own mechanical properties. To validate the choice of the FE type used (a composite shell element with 8 nodes based on the FOSD), a modal analysis of the FE model is done and the first two eigenfrequencies are read and compared to those from the experiment. This is seen in Tab. 2. As a boundary condition, the far left edge of the smart beam is clamped. Concerning the optimal FE size to be used, it's well known that reducing the FE size will improve the solution accuracy. However, especially in the case of large complex structures, the use of excessively fine elements in the FE model may result in unmanageable simulation periods. From Tab. 3, it is seen that using an element size less than 1 mm does not make any significant change on the values of the 1st and 2nd eigenfrequencies of the smart beam. This means, it can be regarded as the optimal value for the element size in the FE modeling.
SE modeling
The main virtue of this technique (also called substructure technique) is the ability to perform the analysis of a complete structure by using the results of prior analysis of different regions comprising the whole structure. When a preliminary analysis of the different parts is performed, the computation time and the size of the whole system are reduced. However, all DOF considered useless for the final solution will be condensed and the rest will be retained. This means, the DOF of the whole system will correspond to the retained nodes plus a number of internal deformation modes (dynamic analysis problems). To construct a SE, or in other words to remove the unwanted nodes and DOF from the substructure, many methods that can be used. The most popular methods are the "Guyan reduction technique" [19] , and the "Component-mode method" which is used in this work.
The Component-Mode Method
Also called Craig-Bampton method, it was initially developed by R. Craig and M. Bampton [20] . The idea behind this method is to the basic substructure into a certain number of substructures. The DOF of each substructure are then classified into boundary and internal DOF. The boundary DOF are shared by several substructures, while the internal DOF belong only to the considered substructure. The behaviour of each substructure is described by the combination of two types of component modes: The constrained modes and the normal vibration modes. The former are determined by assigning a unit displacement to each boundary DOF while all other boundaries DOF are being fixed. The latter correspond to the vibration modes obtained by clamping the structure at its boundary. It is thus assumed that the behaviour of the substructure in the global system can be represented by superimposing the constrained modes and a small number of normal modes. Hence, by retaining only the low-frequency vibration modes, the substructure's dynamic deformed shape is represented with sufficient accuracy. The method is discussed in details in [21] .
Starting from the FE model of the previous subsection, a SE model with a limited number of DOF will be created. Firstly, the master or retained nodes must be selected. They correspond to the nodes where a boundary condition or a load is applied. The rest of the nodes will be considered as slave or condensed nodes. In the FE model, 5 nodes are considered as retained nodes ( This means:
-N ode 1 is used to introduce a boundary condition (clamping constraint).
-N ode 2 is used to introduce a load (actuator moment).
-N ode 3 is used to introduce a load (actuator moment).
-N ode 4 is used to measure the displacement (distance sensor).
-N ode 5 is used to measure the tip displacement (distance sensor).
Secondly, 10 modes, which correspond to 97% of the modal effective mass, are selected. The percentage of modal effective mass for each mode is usually found inside the input file created by any FE software.
To check the validity of the SE created, it has to be compared to the FE model which was already validated before. Abstractly said, the reduced model must have the same characteristics as the original model, except that the number of nodes is reduced, as well as the number of DOF. The eigenfrequencies of the first 2 modes resulting from each model are depicted in Tab. 4. 
DAMPING CHARACTERISTICS
Damping parameters, which are of significant importance in determining the dynamic response of structures, cannot be deduced deterministically from other structural properties or even predicted by using the FE technique. For this reason, recourse must be made to data from experiments conducted on completed structures of similar characteristics. Such data is scarce in general, but it's very valuable for studying the phenomenon and modeling of damping [22] . For simplicity and convenience, the damping is assumed to be viscous and frequency dependent [23] . This linear approach, which was initially introduced by Rayleigh [24] , assumes that the damping matrix is a linear combination of the mass and stiffness matrices. Although this idea was suggested for mathematical convenience only, it allows the damping matrix to be diagonalized simultaneously with the mass and stiffness matrices, preserving the simplicity of uncoupled real normal modes as in the undamped case [25] .
The relation is
where α and β are real scalars that need to be determined.
The main advantage of this formulation is that the damping matrix will be a diagonal matrix.
This means, the general equation of motion of a damped structure which is given as
can be uncoupled to the form
where q is the vector of nodal displacements, M the inertia (mass) matrix, C the damping matrix, K the stiffness matrix, F the column matrix for equivalent nodal forces. the subindex r means that (Eq. 4) are uncoupled and they correspond to the rth natural frequency of the rth mode that is considered (ω r ). ϕ is the vector of mode shapes, u(t) the vector of modal displacements, and ξ r the damping ratio corresponding to the rth mode.
This form of the equation of motion will be used later on to implement the controller on the analytical model of any structure.
Taking the orthogonality of the mode shapes with respect to the mass and stiffness matrices, the modal form of the damping matrix will become
this equation can be written in the form
with C c as the modal critical damping.
From (6), it can be observed that the damping ratio is proportional to the natural frequencies of the system. Roughly speaking, two values for the eigenfrequency ω r with the corresponding values of ξ r are needed to find out the scalars α and β and thus to compute the damping matrix C. Relevant are the first few modes for which there is a significant mass participation, i.e. a mass participation which is not less than 95%. A typical plot of (6) is shown in Fig. 6 [26, 27] . As seen in Fig. 6 , the first portion of the curve shows non-linearity (frequency range: 0.1−5 Hz), in this case the damping is called "mass proportional damping" where α is much greater than β. Beyond this portion, the curve is linear (frequency range: > 5 Hz). The damping is then called "stiffness proportional damping" and β has a big value. To find out α and β , many methods can be applied like the method of Chowdhury and Dasgupta, or the method of damping from normalised spectra (also known as the half-power bandwidth method) [28] . Both methods are used to find the damping characteristics of the smart beam and the results are depicted in Tab. 6. In this work, the average values of both methods are used, and the damping coefficients are added to the SE model and to the SS representation. 
STATE-SPACE REPRESENTATION

Basics of the state-space representation
The SS representation is used as a second approach to implement the controller in order to validate the results of the SE model. The basic idea of the SS repree is to describe a system of equations in terms of n first-order differential equations. However, the increase in the number of state variables, the number of inputs, or the number of outputs does not increase the complexity of these equations [29] . The state equations have the form:ẋ
and the size of the matrices A, B and C depends on the number of states, inputs and outputs of the system. Upon specifying the type and position of the input and output vectors, a FORTRAN code is used to create the SS model of the smart beam. This model is then integrated in MAT-LAB/SIMULINK to give the dynamic response of the modelled structure under one or several inputs and outputs.
Creation and validation of the SS equations for the case of a smart beam
The objective now is to create the SS representation of the smart structure investigated in this work, and to validate it by carrying out a simple simulation, so that the results can be compared to those from the FE model. At the beginning, the inputs and outputs of the system must be specified. Referring to Fig. 5 , a sensor is placed at N ode 5 to measure the tip displacement, and the input will be a harmonic force at the same node. Thus, the smart beam will be excited by its first eigenmode. The force F has the form:
with c as a constant (amplitude)
Now, there is a single input and a single output. Since N ode 1 is clamped, the number of states is defined as: 2p = 30 + 10 − 6 = 34 (9) There are 30 DOF in the system, in addition to 10 vibration modes. Concerning the dimensions of the matrices A, B, C:
The SS representation of this smart beam is shown in Fig. 7 . The simulation is carried out for 40 seconds while the load is kept active for the first 20 seconds. The resulting curve in Fig. 8 shows that both models had the same value of tip displacement throughout the simulation time. This gives more reliance to the results. However, both models will be used in the coming section for the implementation of the controller.
Tip displacement 
CONTROLLER DESIGN AND IMPLEMENTATION
Although there is no general procedure for constructing a Lyapunov function, yet any function can be considered as a candidate if it meets some requirements, i.e., positive definite, equal to zero at the equilibrium state and with its derivative less or equal to zero [30] . Now, the energy equation of a thin Bernoulli-Euler beam which is modelled as a single FE in a one-dimensional system with length h and left point coordinate x i , is considered as a Lyapunov function candidate (Fig. 9) .
M (x +h,t) z i Figure 9 : Section of the smart beam where the piezoelement is located.
According to [31] , the total energy equation of a beam without any external forces or moments is:
where h is the length of the beam section, u and v are the displacements in longitudinal and transverse directions, E and ρ are the elastic modulus and density of the beam. According to Fig. 9 , M z is the actuator bending moment, F s is the shear force on the beam, and I z is the second moment of inertia of its cross-section about the (bending) z-axis.
The above function is locally positive definite, continuously differentiable and equal to zero at the equilibrium state. Yet, to consider it as a Lyapunov function, the derivative of this function must be smaller or less than zero as well. Differentiating (11) in time leads to:
Referring to the relationships for a vibrating beam, which are summarized in any reference about beams like [19] , it reveals that:
Substituting the derived equations for the bending moment M z , shear force F s , and assuming no shear after that, the first derivative yields:
∂v ∂x
wherev x i is a rotational velocity at node x i . To ensure that (14) is always smaller or equal to zero, M z , the actuator moment, can have the value:
with k as a positive constant, sometimes called "the proportionality factor". Varying k has a significant effect on the response. Theoretically, the system is stable for any positive value. Nevertheless, larger values of k tend to "overcontrol the structure" since the moment will have a magnitude larger than that required. Consequently, if k is very small, the added moments will be insufficient and this will reduce the damping ratio. Therefore, a trial-and-error procedure is required to select the best value and customize the control to the application [32] .
Substituting (15) in (14) yields:U
and thus, all the requirements to have a Lyapunov function are met. Therefore, (15) can be used as the controller for the smart beam.
To implement this equation on the smart beam, the moments at node 2 and node 3, which are equal in magnitude but with opposite directions, are calculated as functions of the rotational velocites at both nodes [33] . They have the form:
From the above equations, it is clear that the controller is in fact a connection between the DOF of the nodes composing the SE. To do that in SAMCEF, the nonlinear forces element (FNLI) is used. This element allows the introduction of a list of n general linear or nonlinear internal forces as a function of list of n DOF and their derivatives. The control strategy is defined directly inside the input file without the use of any external programming language, and this is one of the merits of the SE technique. Coming back to the control law of (17), the controller is stable for any positive value of the constant k. Now, the optimal value of the constant k must be found. Since the design of optimal controllers is not the task of this work, the method of trial-and-error is used to find out this optimal value. Best results are got for k = 30, and the corresponding curve of tip displacement vs. time of the smart beam is illustrated in Fig. 10 . In the FFT spectrum diagram (Fig. 11) , the effect of the controller on the amplitude of the resonance at the natural frequency is shown as well. As stated before, the SS representation of the smart beam is derived in order to validate the results from the SE model. To do that, the inputs and the outputs are designated in order to find out the matrices A, B and C of (7). To implement the controller in the SS model, two steps are performed. In step one, the only input to the system is the forced excitation until the magnitude of vibration does not change anymore, i.e., up to t = 20 s, and the output consists of the tip displacement, as well as the state vectors exactly at t = 20 s. The diagram is shown in Fig. 12. These state vectors are then fed in as initial conditions in the second step. This time, the input comprises both actuator moments at both ends of the actuator, and the output embraces the tip displacement at node 5, and the velocities at the node 2 and node 3. The steps mentioned above could be also summarized in one step, but in this case a timer must be inserted in the model to deactivate the exciting force when vibrations become stable at t = 20 s. The SS representation of the smart beam in the second step is shown in Fig. 13 . A comparison of the results from the SE model and the SS model is shown in Fig. 14 and Fig. 15 where the time region between 20 and 22 s is magnified. It can be seen that both models yielded the same results. Nevertheless, much more time was needed to carry out the simulation in the SS model (about 35 minutes), while in the SE model, less time (only 3 minutes) was needed. This could be due to the fact that in the SE model a fixed time-step can be assigned (here 0.01 s), while in the SS representation the time-step was automatically set. Moreover, the stresses and energy curves, could be requested in addition to the force vectors along the SE model. This is one of the advantages of the SE technique in comparison to the SS representation which is more practical and in which the controller can be easily implemented [33] .
SUMMARY
In this work, a linear controller based on the Lyapunov stability theorem was designed and implemented on a reduced model of a smart structure. The state-space representation of the same model was extracted as well. The controller was implemented on this model too, and the results from both models were compared.
